We investigate thermodynamics and geometrothermodynamics of regular Bardeen AdS black hole with a quintessence.The thermodynamics of this black hole was studied and temperature-entropy T-S and P-V plots were obtained, which indicates phase transition behavior. This is also confirmed in the divergence of specific heat against entropy, which shows a second order phase transition. Using the concept of Ruppeiner and Weinhold geometry, we calculated the curvature scalar R R and R W in the quintessence dark energy regime. While these curvature scalars enable us to identify the critical behavior, it does not happen so around phase transition points observed in specific heat divergence. To resolve this puzzle we have adopted the method of geometrothermodynamics due to Quevedo. Choosing Legendre invariant (Quevedo) metric R Q the curvature shows singularity at the same point as seen in specific heat study.
Introduction
In recent years, black hole thermodynamics has become an active area of research in theoretical physics. Among the several motivations the main attraction lies in the fact that black hole is the best system to seek the aspects of quantum gravity and thermodynamic study will reveal the microscopic structure. Introduction of a correspondence between classical gravitational theory in AdS space and strongly coupled conformal field theory on its boundary by Maldecena in his seminal paper [1] added the importance of AdS black hole. The black hole thermodynamics in anti-de Sitter (AdS) space is different from asymptotically Minkowski spacetime. The AdS space acts like a thermal cavity and there exists a minimum Hawking temperature below which only radiation exists. Above that two types of black hole solutions exists, a smaller black hole with negative specific heat capacity and a larger black hole with positive specific heat capacity. Above certain temperature, Hawking-Page phase transition takes place between thermal radiation and large black hole [2] . In the AdS-CFT perspective, Hawking-Page phase transition is understood as confinement/deconfinement phase transition in gauge theory. [3] .
Realising the importance of the thermodynamics in AdS space, the ReissnerNordström and the Kerr-Newman black holes in AdS background were studied. The small-large black hole phase transition found in RN-AdS displayed had a close resemblence with the van der Waals liquid-gas system [4, 5, 6] . More clarity on this isomorphism was done by identifying the cosmological constant as thermodynamic pressure and by expanding first law by including a PdV term [7, 8, 9, 10] . Recently, thermodynamics of various black holes in this extended phase space were discussed and phenomenal similarity with van der Waals liquid-gas system was found as a universal feature [11, 12, 13, 14, 15, 16, 17] .
After Albert Einstein's theory of gravity based on differencial geometry be-came a great sucess, method of differential geometry was identified as a mathematical tool for various gauge fields. It was Gibbs [18] and Caratheodory [19] in the later part of 19th century to use these ideas of differential geometry in classical thermodynamics. Hermann [20] and Mrugala [21] , assigned differential geometry to the thermodynamic phase space making the use of its contact structure. Then Weinhold [22] and later Ruppeiner [23, 24] constructed thermodynamic metric to study phase transitions and thermodynamics. Geometrothermodynamics is another geometric formalism for the classical thermodynamics developed by Quevedo [25] . Recently, a brief history of metric geometry of thermodynamics is written by Ruppeiner [26] . From these geometric formalisms, a metric is defined on equiliberium thermodynamic state space and the curvature scalar encodes the information about the microscopic interactions.The scalar is propotional to the correlation volume near to critical point and its sign tells about the nature of microscopic interactions attractive or repulsive [27] . The phase transition of the system can be seen in the divergence behavior of this curvature scalar. Thermodynamic geometry is used for van der Waals gas and differrent statistical models including magnetic models [28, 29, 30, 31, 32, 33] . Considering black hole as a thermodynamic system, the geometric formalism is used to study the critical behaviour of black holes during phase transitions. [34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58] . But there were inconsistencies in the position of critical point, specific heat diverges at a point different from where scalar curvature diverges [50, 59, 60] . The Legendre invariance was found key factor behind these discrepancies. Taking Legendre invariace into account a metric is constructed by Quevedo et al. provided a break through [25, 61, 62 ]. Quevedo's formulism named as Geometrothermodynamics(GTD) is applied for various black holes [63, 64, 65, 66, 67, 68, 69] .
A black hole solution without singularity at the origin possessing an event horizon is called regular or non-singular black hole. It was Bardeen [70] in 1968, who constructed a black hole solution with regular non singular geometry with an event horizon for the first time. Later several such regular black hole solutions were constructed [71] [72] .Thermodynamic properties of a regular black hole is studied in [73] . Accelerated expansion of universe is due to presence of exotic field called Dark energy. Quintessence is one among different models for dark energy [74, 75, 76] . The cosmic source for inflation has equation of state p q = ωρ q (−1 < ω < −1/3) and ω = −2/3 corresponds to quintessence dark energy regime. Phase transitions in black holes surrounded by quintessence is widely studied. Thermodynamics of Reissner-Nordström and regular black holes surrounded by quintessence is investigated in [77, 78, 79, 80, 81, 82, 83] . Thermo-dynamic geometry and geometrothermodynanics for different regular black holes has been studied in [65] .Thermodynamic Geometry of Charged AdS Black Hole Surrounded by Quintessence can be found in [84] .
This paper is organised as follows. In section 2, thermodynamics of regular bardeen black hole surrounded by quintessence is studied in the extended phase space. In the next section 3 thermodynamic geometry for the black hole is constructed using Weinhold and Ruppeiner metric followed by geometrothermodynamics. Conclusion is written in the final section 4.
Thermodynamics of the black hole
The metric for the Bardeen regular AdS black hole surrounded by quintessence is given by [82] 
Where β is the monopole charge of a self gravitating magnetic field described by non linear electromagnetic source, M is the mass of the black hole, Λ is the cosmological constant, ω is the state parameter and a is the normalization constant related to quintessence density.
On the event horizon (r h ) , f (r h ) = 0 gives the mass corresponds to the above metric, which is obtained as ,
We can express mass of the black hole as a function of entropy using the area law S = πr 2 h , as follows
First law of thermodynamics for this black hole can be written as
Where A is a quantity conjugate to quintessence parameter a. In the extended phase space cosmological constant is considered as thermodynamic pressure.
We can derive Hawking temperature from the first law
The equation of state is obtained from 5 and area law as,
(6) where we identified specific volume v = 2r. Using the above equations the P − v and T − S curves are plotted 1(a) and 1(b). These two plots clearly shows critical phenomena around the critical points. The the critical points are obtained from the conditions, ∂P ∂v = 0 , ∂ 2 P ∂v 2 = 0. To study the more details of phase transition we focus on heat capacity of the system. The heat capacity at fixed value of β, P and a is given by,
C − S plot is obtained from this equation, which again shows critical behavior 2 . Sign of heat capacity tells about thermodynamic stability of black hole, positive for stable and negative for unstable. Below the critical pressure P < P c , there are two singular points, but when P = P c divergent point reduces to one. When P > P c , divergence dissapears. In figure 2 (b) there are three distinct regions seperated by two singular points. Small and large black hole regions have positive specific heat, which implies they are stable. The intermediate is unstable as it has negative specific heat. From these observation we can say that there exist a smalllarge black hole phase transition and quintesssence dark energy doesnot affect this transition. ). 2(a) for P = P c, 2(b) for P < P c, 2(c) for P > P c.
Thermodynamic Geometry
In this section we investigate thermodynamic phase transtions based on geometric formalism proposed by Weinhold, Ruppeiner and Quevado. The thermodynamic geometry is a possible tool to explore thermodynamic phase transitions from microscopic point of view. The thermodynamic scalar curvature R is directly proportional to the correlation volume of the system R ∝ ξ d , where d is spatial dimensionality. The divergence behavior of curvature scalar ploted against entropy reflects the existance of critical points corresponding to thermodynamic phase transition.
Weinhold Geometry
The Weinhold metric is defined adhoc in the thermodynamic equilibrium space as the Hessian of the internal energy M,
where M and N a represents energy and any other extensive variables. Here, mass M is the function of entropy S and extensive variable β, which is the monopole charge. A Hessian is defined as a square matrix containing second derivative of energy with respect to the entropy and other extensive parameters [22, 85] ,
Using the expression for mass of the black hole 2, the components of metric tensor are turns out to be,
From metric tensor, one can calculate curvature scalar , which is found to be a complicated function, R W (S, P, b, ω, a). Ploting the curvature R W versus entropy S, we have studied its divergence behavior, which occurs at mulitiple points 3.1. This implies that the critical behavior in Weinhold geometry does not corresponds to the thermodynamic phase transitions observed in specific heat plots. 
Ruppeiner Geometry
The Ruppeiner metric is defined as a Hessian of the entropy function S of the system rather than the internal energy U in the Weinhold case. But one can transform Ruppeiner metric, which is function of M and β originally, to the same coordinate system used in Weinhold metric i.e., S and β. Technically speaking, their geometries are related to each other conformally. [23, 24, 27, 34] . The Ruppeiner metric in the thermodynamic space states is given as ,
Because of the conformal property, the line elements in Ruppeiner and Weinhold formalism are related as dS
Using 10 and 5 the components of Ruppeiner metric tensor are easily obtained as
The curvature tensor R R is calculated from these g ij which is again a complicated expression like Weinhold case. The obtained curvature function is plotted against entropy S to study the critical behavior 3.2. From the figure we can see that there are many singularities for curvature scalar, so it is difficult to identify the critical points from Ruppeiner geometry. So the critical behavior of curvature tensor in Ruppeiner geometry also does not reproduce the phase transition results of specific heat study.
Geometrothermodynamics
In this approach, the metric is constructed from a Legendre invariant thermodynamic potential and their derivatives with respect to the extensive variables. For geometrothermodynamic calculations, we will consider 2n + 1 dimensional thermodynamic phase space T . This phase space is constructed using the cordinates {Φ, E a , I a }, where Φ is thermodynamic potential and E a and I a are extensive and intensive variables. Then Gibbs one-form is introduced as Θ = dΦ − δ ab I a E b , satisfying Θ ∧ (dΘ) = 0. Defining a Legendre invariant metric G on T ,
T , Θ and G constitutes a Riemann contact manifold. Following this we define an n dimensional Riemannian submanifold ε ⊂ T , which is the space of equilibrium thermodynamic states (equilibrium manifold) via a smooth map ϕ : ε → T . The Quevedo metric, which is similar to Ruppeiner and Weinhold metric, is defined on this equilibrium submanifold using the inverse map ϕ * (Θ).
In our case we consider a 5 dimensional phase space with the coordinates Z A = {M, S, β, T, Θ}, where S, β are extensive variables and T , Θ are their dual intensive variables. Then we have the fundamental Gibbs one form as,
Now we comfortably write the Quevedo metric as follows,
Using the Quevedo metric we calculate the corresponding curvature, which is a complicated function having the following form,
The functions f (S, β, P, a) and g(S, β, P, a) have less physical interest, what is intersting is the diverging behavior of R Q . Contrary to the earlier results in Weinhold and Ruppeiner geometries, the singular point of curvature scalar in geometrothermodynamics exactly matches with the specific heat singular point. ).
Conclusion
In this section we summarise the findings of this paper. We have studied the thermodynamics and thermodynamic geometry of a Bardeen regular AdS black hole surrounded by a quintessence. In the thermodynmic study we observed a critical behavior from P − V and T − S plots. Further confirmation was obtained from the specific heat plots. The discontinuity in the specific heat at S = 0.32 indicates a phase transition of the system. Following the study of black hole phase transition in the thermodynamic language we carried out the geometrical investigation of the same. In the literature it is a well known fact that the divergence behavior of curvature scalar also reflects the existance of critical points. If we accept that the criticality of specific heat as the definition of phase transition, the thermodynamic geometry which shows divegence at the same point turns out be the correct geometrical description of the same phenomena. For the metric under consideration we found that, eventhough the Ruppeiner and Weinhold geometries reflects singularity of curvature scalar, it can only be taken as the indication of phase transition but not the accurate description of the same, as the diverging points do not coincide. In particular, it was found that the Ruppeiner geometry carry information of phase structure of thermodynamic system; and scalar curvature of the metric diverges (goes to negative infinity) at the phase transition and critical point, which shows a strong correlation of system. The Weinhold and Ruppeiner geometries are not Legendre invariant and thus depends on choice of thermodynamic potential. However the geometrothermodynamics results legitimate the anomalies in the system. The discripancy among the diffeferent geometrical discription in validating the critical behavior is still not clear conceptually, the solution to this may lie in the domain of quantum gravity. acknowledgments Author N.K.A. would like to thank U.G.C. Govt. of India for financial assistance under UGC-NET-JRF scheme.
